Abstract. We provide a complete characterization of periodic point free homeomorphisms of the 2-torus admitting irrational rotations as topological factors. Given a homeomorphism of the 2-torus without periodic points and exhibiting uniformly bounded rotational deviations with respect to a rational direction, we show that annularity and the geometry of its non-wandering set are the only possible obstructions for the existence of an irrational circle rotation as topological factor. Through a very precise study of the dynamics of the induced ρ-centralized skew-product, we extend and generalize considerably previous results of Jäger [Jäg09] .
Introduction
A Kronecker system is nothing but a translation on a compact abelian topological group. Its mixed algebro-topological nature endowed the system with a rich variety of structures and allows us to combine different techniques (e.g. metric geometry, character theory) to study its dynamical and ergodic properties. Thus, it is not surprising at all that in topological dynamics the problem of determining the existence of Kronecker factors, i.e. a Kronecker system which is a topological factor of the original one, plays a fundamental role in the theory. Since any closed subsystem (i.e. the restriction of the dynamics to a closed invariant subset) of a Kronecker one is (conjugate to a) Kronecker itself, then in general one just considers minimal Kronecker factors. The reader can refer to [Tao09, §2.6] for a very nice exposition about Kronecker systems.
In this paper we are mainly concerned with the problem of characterizing those periodic point free homeomorphisms of the 2-torus T 2 that admit non-trivial Kronecker factors, i.e. a minimal Kronecker factor which is not just a singleton. As a consequence of a recent result of Hauser and Jäger [HJ17] (see Theorem 2.9), we know that any homeomorphism f : T 2 ý admitting a minimal non-trivial Kronecker factor should be a topological extension of an irrational circle rotation. In such a case it is well-known (see for instance [JT17, Lemma 3 .1]) that there exists v P R 2 zt0u with rational slope such that for any liftf : R 2 ý of f , there exist ρ " ρpf , vq P RzQ and C " Cp f , vq ą 0 satisfying (1) @f n pzq´z, v D´n ρ ď C, @z P R 2 , @n P Z.
So, it is natural to ask whether estimate (1) is also sufficient to guarantee the existence of a non-trivial irrational circle factor.
It is known that this question has a positive answer in some particular cases. For instance, as a rather straightforward consequence of so-called Gottschalk-Hedlund theorem [GH55] , one can show that any minimal torus homeomorphism verifying (1) necessarily admits a non-trivial Kronecker factor. A much subtler positive result is due to Jäger [Jäg09, Theorem C] , who showed that any area-preserving totally irrational pseudo-rotation of T 2 that exhibits uniformly bounded rotational deviations in any direction (i.e. its rotation set reduces to a totally irrational point and condition (1) holds for every v P R 2 zt0u) is a topological extension of a totally irrational translation of T 2 . For some time these were the only known positive results. At this point it is interesting to remark that Wang and Zhang have recently proved in [WZ18] the existence of a C 8 area-preserving diffeomorphism of T 2 which is a topological extension of a rigid rotation, but it is not conjugate to it. On the other hand, regarding the so called Franks-Misiurewicz conjecture, Passeggi and Sambarino [PS18] have recently shown that a homeomorphism which is homotopic to the identity and whose rotation set is a non-degenerate segment without rational points does not admit irrational circle factors.
On the other hand, Jäger and Tal has shown in [JT17, §4] that boundedness of rotational deviations does not in general imply the existence of irrational circle factors on the closed annulus Tˆr0, 1s. Consequently, annularity could be an obstruction for the existence of non-trivial Kronecker factors (see §2.6 for precise definitions and details).
In §3 we will see that the existence of wandering points may be also another obstruction for the existence of non-trivial Kronecker factors for periodic point free homeomorphisms satisfying (1). In fact, we will see that the topology and geometry of the wandering set play a determinant role in the existence of non-trivial Kronecker factors (see Definition 2.3 for details).
The main purpose of this work consists in getting a complete characterization of possible obstructions for the existence of such topological factors, showing that annularity and the existence of "large connected components of wandering points" are the only ones. More precisely, our main result is the following Theorem A. Let f P Homeo`pT 2 q be an orientation-preserving, non-eventually annular homeomorphism having small wandering domains. Then, f admits a nontrivial minimal Kronecker factor if and only there exists v P R 2 zt0u with rational slope so that f exhibits uniformly bounded rotational v-deviations, i.e. given any lift f : R 2 ý, there exist ρ P RzQ and C ą 0 such that (2) xf n pzq´z, vy´nρ , ď C, @z P R 2 , @n P Z.
Here small wandering domains means that all connected components of the wandering set are homotopically trivial in T 2 and their diameters are eventually small (see Definition 2.3 for details). This implies that we get, as a consequence of Theorem A, the following extension of Jäger's main result of [Jäg09] :
When M and N are two topological spaces, we say that f P HomeopMq is a topological extension of g P HomeopNq when there exists a surjective continuous map h : M Ñ N such that h˝f " g˝h. In such a case, we say that g is a topological factor of f and the map h is called a semi-conjugacy. A fiber of the semi-conjugacy is nothing but the pre-image by h of any point of N. The set of maps that are a semi-conjugacy between f and g will be denoted by SCp f , gq, i.e. it is defined by (4) SCp f , gq :"
.
Whenever M 1 , M 2 , . . . , M n are arbitrary sets, we shall use the generic notation pr i : M 1ˆM2ˆ. . .ˆM n Ñ M i to denote the i th -coordinate projection map. Similarly, when A is a subset of M 1ˆM2ˆ. . .ˆM n and x P M 1 is an arbitrary point, we write A x to denote the "the fiber of A over x" given by (5) A x :" tpx 2 , . . . , x n q P M 2ˆ. . .ˆM n : px, x 2 , . . . , x n q P Au.
Recurrent and non-wandering points.
Let f P HomeopMq be any homeomorphism. A point x P M is said to be recurrent when there exists an increasing sequence of positive integers pn j q jě1 such that f n j pxq Ñ x, as j Ñ 8. An open subset U Ă M is said to be a wandering set (for f ) when f n pUq X U " H, for every n P Zzt0u. A point x P M is called non-wandering when none neighborhood of x is wandering. The non-wandering set, i.e. the set of non-wandering points, shall be denoted by Ωp f q; its complement, called the wandering set of f , will be denoted by W p f q :" MzΩp f q.
When M is locally connected, each connected component of W p f q is called a wandering domain. Finally, we say f is non-wandering when Ωp f q " M. We will need a new notion which is stronger than non-wandering: Definition 2.1. A homeomorphism f : M ý is said to be Ω-recurrent when for every open subset U Ă M satisfying U X Ωp f q ‰ H, there is n ě 1 such that U X f´npUq X Ωp f q ‰ H.
Our main interest in this notion is due to the following elementary Lemma 2.1. Let M be a complete metric space and f : M ý be an Ω-recurrent homeomorphism.
Then, recurrent points are dense within the set Ωp f q.
Proof. Let x be any non-wandering point and U an arbitrary open neighborhood of x. Without loss of generality, we can assume U is bounded in M. Then we will inductively defined a sequence of nested open sets tU k u kě0 and an increasing sequence of positive integers tn k u kě0 as follows: first, let us define U 0 :" U. Then, assuming k ě 1 and U k´1 has been already defined, we write (6) n k´1 :" min n ě 1 : U k´1 X f´npU k´1 q X Ωp f q ‰ H ( .
Then, we define U k as any open set satisfying the following properties:
Observe that, since f is Ω-recurrent, U k´1 is open and Ωp f q is closed, such an open set U k does exists and the natural number given by (6) is well defined.
By our hypothesis about the diameter of the sets U k , it follows there is a unique point y such that tyu "
and we claim y is a recurrent point. In fact, y P U k`1 Ă U k X f´n k pU k q, for every k ě 0, and hence dp f n k pyq,
On the other hand, by the very same definition it holds n k ě n k´1 , for very k ě 1. This implies y is a recurrent point and y P U. So, recurrent points are dense among non-wandering points.
2.1.2. Minimal systems. Let M be a compact metric space, f : M ý an arbitrary homeomorphism and K Ă M be an f -invariant nonempty compact set. We say that K is a minimal set (for f ) when K and the empty set are the only f -invariant compact subsets of K. When M itself is a minimal set, we say that f is a minimal system or a minimal homeomorphism.
Proximality relations.
If f : M ý is a homeomorphism of the complete metric space pM, dq, we say that two points x, y P M are f -proximal when
Analogously we can define the notion of f´1-proximality. Notice that, in general, these two notions do not coincide.
2.2.
Orbits of open sets. Let M be an arbitrary locally connected complete metric space and f : M ý be an arbitrary homeomorphism. Given any nonempty connected open set V, following Koropecki and Tal [KT14] we define
where ccp¨,¨q denotes de connected component as defined at the beginning of §2.1. Notice that there exists N ě 1 such that f N`U f pVq˘" U f pVq if and only if V is not a wandering set.
2.3. Kronecker factors. Let pG,`q denote an abelian group. For each a P G, let us consider the translation T a P HomeopGq given by T a : G Q g Þ Ñ g`a. When pG,`q is an abelian compact group, any such map is called a Kronecker system. Remark 2.2. For the sake of simplicity of notations, given E Ă G and a P G sometimes we shall write E`a to denote T a pEq.
All orbit closures of a Kronecker system are (topologically conjugate to) a Kronecker subsystem themselves. So, there is no significant loss of generality just considering minimal Kronecker systems.
We will say T a : G ý is a non-trivial Kronecker system when T a is minimal and G is not just a singleton.
By classical arguments one can easily show that any compact abelian group G admits a compatible distance d G which is invariant by any translation, i.e. every Kronecker system is an isometry of pG, d G q. In particular this implies that any Kronecker system is equicontinuous (i.e. the family of its iterates is equicontinuous) when G is endowed with an arbitrary compatible metric.
Reciprocally, it can be shown that any minimal equicontinuous homeomorphism of an arbitrary compact metric space is topologically conjugate to a minimal Kronecker system (see for instance [Tao09, Proposition 2.6.7] for details).
Given a homeomorphism of a compact metric space f : M ý, a Kronecker factor of f will be a Kronecker system T a : G ý which is a topological factor of f , i.e. there exists a surjective continuous map h : M Ñ G satisfying h˝f " T a˝h . We say T a : G ý is a non-trivial Kronecker factor when it is a minimal Kronecker factor and G does not reduce to a singleton.
We will need the following Definition 2.2. Let M be a compact metric space and f : M ý be a homeomorphism. We say that two points x, y P M are Kronecker equivalent for f if their images coincides under any semi-conjugacy of a Kronecker factor, i.e. for every Kronecker factor T a : G ý of f and any h P SCp f , T a q, it holds hpxq " hpyq (see (4) for this notation).
On the other hand, we say that x and y are Kronecker separated if and only if hpxq ‰ hpyq, for every non-trivial Kronecker factor T a : G ý and every h P SCp f , T a q.
Remark 2.3. Notice that, if f : M ý is as in Definition 2.2, then two points x, y P M which are either f -proximal or f´1-proximal are necessarily Kronecker equivalent.
2.4. Tori and torus homeomorphisms. We will always consider R d endowed with the Euclidean inner product xv, wy :" ř d i"1 v i w i and the induced Euclidean norm }v} :" a xv, vy. As usual, the d-torus R d {Z d will be denoted by T d and we write π : R d Ñ T d for the canonical quotient projection. Notice we are using the same letter π to the denote the torus universal covering map independently of its dimension.
We shall always assume T d endowed with the distance function d T d given by
As a particular case of Kronecker system we have torus translations T α : T d ý, with α P T d . By some abuse of notation and for the sake of simplicity, if α P R d , we shall just write T α to denote T πpαq .
A vector α P R d is called rational when α P Q d ; otherwise, it is called irrational. Moreover, it is called totally irrational when the Haar measure of T d is ergodic for the translation T α : T d ý.
It is well known that given any f P HomeopT d q, there exists a unique matrix A f P GLpd, Zq such that the mapf´A f :
The matrix A f is nothing but a matrix representation of the action induced by f on the first homology group of T d , and one can easily check that two homeomorphisms f , g P HomeopT d q are homotopic if and only if A f " A g .
Finally, given any k P Z, we write (10)
SLp2, Rq, and define
2.4.1. Rotation set and rotation vectors. We write Homeo 0 pT d q to denote the group of torus homeomorphisms which are homotopic to the identity. After Misiurewicz and Ziemian [MZ89] , given any liftf : R d ý of a homeomorphism f P Homeo 0 pT d q one defines the rotation set off by
It can be easily shown that the rotation set ρpf q is always nonempty, compact and connected.
For d " 1, by classical Poincaré theory [Poi80] of circle homeomorphisms we know that ρpf q is always a singleton and its class modulo Z depends just on f and not on the chosen lift. So, in such a case one can define ρp f q :" πpρpfP T.
In higher dimensions, in general, the rotation set is not singleton. So, we will say that f P Homeo 0 pT d q is a pseudo-rotation whenever ρpf q is a singleton for some, and hence any, liftf : R d ý of f ; and f is said to be a totally irrational pseudo-rotation when ρpf q reduces to a point which is a totally irrational one.
On the other hand, given an f -invariant Borel probability measure µ one can define the µ-rotation vector off by (13) ρ µ pf q :"
By classical convexity arguments and Birkhoff ergodic theorem it can be easily checked that Conv`ρpf q˘" ρ µ pf q :
where Mp f q is the space of f -invariant Borel probability measures and Convp¨q denotes the convex hull operator. For d " 2, Misiurewicz and Ziemian [MZ89, Theorem 3.4] showed that the rotation set is convex indeed, so it coincides with the set of rotation vectors of measures.
On the other hand, when f P Homeo k pT 2 q with k ‰ 0, one cannot define the rotation set as above, but at least one can define the vertical rotation set as in [AZ05] , given by
wheref : R 2 ý is any lift of f . Analogously, for any µ P Mp f q one defines its vertical rotation number by
2.4.2. Dimension two. Let us fix some particular notations for the two-dimensional case. Given any v " pa, bq P R 2 , we define v K :" p´b, aq. A vector v P R 2 zt0u is said to have rational slope when there is λ P Rzt0u such that λv P Z 2 ; and irrational slope otherwise. We write A :" TˆR for the open annulus. We consider the covering maps π : R 2 Ñ A andπ : A Ñ T 2 given by the natural quotient projections
We will always considered A endowed with the distance function d A given by
for everyẑ i P A and i " 0, 1. For each s P R, we defineT s P Homeo 0 pAq byT s : px,ỹq Þ Ñ px,ỹ`sq. If S is any surface, by a topological disk in S we mean an open subset of S which is homeomorphic to the unit disc tz P R 2 : }z} ă 1u. Analogously, a topological annulus is an open subset of S which is homeomorphic to A.
If U Ă T 2 is an open nonempty set, let us consider the group homomorphism induced by the inclusion on first homology groups i : H 1 pU, Zq Ñ H 1 pT 2 , Zq. The set U is said to be inessential when i " 0, and essential otherwise. The set U is called annular when the image of i has rank 1 and fully essential when its rank is equal to 2, i.e. when i is surjective.
Analogously, a nonempty open set U Ă A is said to be inessential when the inclusion morphism i : H 1 pU, Zq Ñ H 1 pA, Zq is identically zero; and it is said to be annular otherwise.
An arbitrary subset E of either T 2 or A is said to be inessential when there exists an inessential open set U containing E; otherwise, is said to be essential.
A compact connected subset C Ă T 2 is called an annular continuum when its complement T 2 zC is homeomorphic to A. On the other hand, we say that a set C Ă A is an annular continuum when it is compact, connected and AzC has exactly two connected components, which will be denoted by U`pCq and U´pCq, and they are characterized by the fact that there is a real number K ą 0 such that TˆpK,`8q Ă U`pCq and Tˆp´8,´Kq Ă U´pCq.
The filling of an inessential open subset U of T 2 is defined as the union of U with all the inessential connected components of its complement, and will be denoted by A connected open set U Ă T 2 (U Ă A, respectively) is said to be lift-bounded when every connected component of π´1pUq (π´1pUq, respectively) is bounded in R 2 ; and it is called lift-unbounded otherwise. Notice that every lift-bounded set is necessarily inessential, but there do exist open inessential lift-unbounded subsets of T 2 and A.
The main reason why we are interested in the spaces Homeo k pT 2 q of homeomorphisms given by (11) is given by the following Proposition 2.4. If f : T 2 ý is an orientation preserving fixed point free homeomorphism, then there exists a unique k P Z such that f is topologically conjugate to an element of Homeo k pT 2 q.
Proof. This is a straightforward consequence of Lefschetz fixed point theorem. In fact, if f is orientation preserving and has no fixed point, then it must hold
where Lp f q denotes the Lefschetz number of f . But the matrix A f P SLp2, Zq is a representative of f ‹,1 , and hence, 1 is the only eigenvalue of A f . This implies, by classical Jordan normal form theorem, there exists B P SLp2, Zq and k P Z such that BA f B´1 " I k . Then, the linear map B induces (i.e. is the lift to R 2 of) a Lie group automorphismB : T 2 ý, and one can easily check thatB˝f˝B´1 P Homeo k pT 2 q.
Let us recall a classical result about fixed point free plane homeomorphisms due to Brouwer:
Theorem 2.5 (Brouwer's translation theorem, see [Fat87] ). Let f : R 2 ý be an orientation preserving homeomorphism such that Fixp f q " H. Then, every x P R 2 is wandering for f , i.e. Ωp f q " H.
If f P HomeopT 2 q and x P Ωp f q, following Koropecki and Tal [KT14] we say that x is inessential when there exists ε ą 0 such that the open set U f`Bε pxq˘, given by (8), is inessential; otherwise is said to be an essential point. Moreover, x is said to be a fully essential point when U f`Bε pxq˘is fully essential, for every ε ą 0.
We have the following results for periodic point free homeomorphisms:
Proposition 2.6. If f : T 2 ý is a periodic point free homeomorphism and x P Ωp f q, then x is an essential point.
Proof. This is an easy consequence of Theorem 2.5. In fact, if x P Ωp f q and there is an open neighborhood V of x such that U f pVq is inessential, hence the filling Fill`U f pVq˘, as defined in 2.4.2, is f N -invariant, for some N P N. Notice that Fill`U f pVq˘is homeomorphic to R 2 and f N |
Fill`U f pVq˘ý exhibits a non-wandering point (because x P Ωp f q X V). Thus, by Brouwer's translation theorem (Theorem 2.5), f 2N has a fixed point in Fill`U f pVq˘, contradicting the fact that f is periodic point free.
Proposition 2.7. If f : T 2 ý is a periodic point free homeomorphism and
Proof. Let us suppose there exists n P Zzt0u such that f n pWq X W ‰ H. Since W is a connected component of an f -invariant set, this implies that f n pWq " W. So, if W is a connected component of π´1pWq Ă R 2 , then there exists a homeomorphism G : R 2 ý which is a lift of f n and such that GpWq "W. SinceW is bounded in R 2 , this implies that ΩpGq is nonempty and, invoking Brouwer's translation theorem we conclude that G 2 has fixed point, contradicting the fact that f is periodic point free.
Motivated by this result, we propose the following Definition 2.3. We say that a homeomorphism f : T 2 ý exhibits small wandering domains when every connected component of the wandering set W p f q is liftbounded and, given any δ ą 0, there exist just finitely many connected components with diameter larger that δ, i.e. the following set
is finite, for every positive number δ.
From this geometric property of the wandering set we get the following dynamical consequence:
Proposition 2.8. If f P HomeopT 2 q is periodic point free and exhibits small wandering domains, then it is Ω-recurrent (see Definition 2.1).
Proof. Reasoning by contradiction, let us suppose there exists an open set
Let z be an arbitrary point of U X Ωp f q and ε be a positive number such that the ball of radio ε centered at z satisfies B ε pzq Ă U. Taking into account that f exhibits small wandering domain, we know that
is a finite set. Then, let us consider the set
Notice that since z is a non-wandering point, the set τ is nonempty, and moreover, is infinite.
On the other hand, by (17) we know that
Then, if D is a connected component of the wandering set W p f q such that D Ă U, its boundary BD Ă Ωp f q and hence, by (17), it holds f n pDq X U " H, for every n P Zzt0u.
This implies that
However, since f is periodic point free, by Proposition 2.7 we know that every connected component of W p f q is indeed a wandering set for f , and we know that the set W U pz, εq is finite. So, putting together (18), (19) and (20) we conclude the set τ is finite, contradicting the fact that z was non-wandering.
2.5. Kronecker factors of homeomorphisms of T 2 . As we have already mentioned in §2.3, any minimal equicontinuous homeomorphism of a compact metric space is topologically conjugate to a Kronecker system. So, invoking a recent result due to Hauser and Jäger [HJ17, Theorem B], we have the following Theorem 2.9. If f P HomeopT 2 q and T a : G ý is a minimal Kronecker factor of f , then the group G is either equal to T 2 , T or the trivial space t˚u.
According to the classification given by Theorem 2.9, any homeomorphism f P HomeopT 2 q admitting a non-trivial Kronecker factor admits either a circle Kronecker factor or a T 2 Kronecker factor.
On the other hand, observe that by our definitions, any homeomorphism admitting a non-trivial Kronecker factor is necessarily periodic point free.
The following simple lemma imposes some well-known restrictions for the existence of non-trivial Kronecker factors: Lemma 2.10. Let f : T 2 ý be an orientation-preserving homeomorphism admitting a non-trivial Kronecker factor, andf : R 2 ý be a lift of f . Then there exist ρ P RzQ, v P S 1 with rational slope and C ą 0 such that @f n pzq´z, v D´n ρ ď C, @z P R 2 , @n P Z.
Proof. See for instance [JT17, Lemma 3.1].
The direction of the vector v K , where v is as in Lemma 2.10, is called the homological direction of the circle factor. Notice that, when f is not homotopic to the identity, the homological direction of a Kronecker circle factor is unique.
As a straightforward consequence of Lemma 2.10 we get the following 2.6. Rotational deviations. Given an orientation preserving homeomorphism f : T 2 ý, we say that f exhibits uniformly bounded v-deviations, for some v P S 1 , whenever given any liftf : R 2 ý there exist ρ P R and C ą 0 such that
Notice that when v has irrational slope, then the homeomorphism f must be isotopic to the identity. However, in this work, as a consequence of Lemma 2.10, we are mainly concerned with the case where v has rational slope. In such a case, after conjugacy with a linear automorphism of T 2 if necessary, we can assume v " p0, 1q P R 2 and then we shall say that f exhibit uniformly bounded vertical deviations.
Observe that in this case, by Proposition 2.4, one can conclude that f belongs to Homeo k pT 2 q, for some k P Z, and the number ρ is the only element of the vertical rotation set defined in §2.4.1. As a particular case of our previous definition, an arbitrary homeomorphism f : T 2 ý is said to be annular when there exist a liftf : R 2 ý of f , a vector v P S 1 with rational slope and a constant C ą 0 such that
More generally, we say f is eventually annular when there exists k P N such that f k is annular. We will need the following improvement of Proposition 2.6:
Proposition 2.12. If f P HomeopT 2 q is periodic point free and is not eventually annular, then every non-wandering point is fully essential for f .
Proof. This is consequence of Proposition 2.6 and the following simple remark: if x P Ωp f q is essential but is not fully essential, then there is an open connected neighborhood V of x such that U f pVq is an annular set and there is k P N such that f k`U f pVq˘" U f pVq. This clearly implies that f k is an annular homeomorphism.
On the other hand, we will say that the homeomorphism f P Homeo k pT 2 q exhibits unbounded horizontal deviations when (22) sup
Notice that when k ‰ 0, any element of Homeo k pT 2 q exhibits unbounded horizontal deviations.
The following lemma is a simple generalization of a result of [KPR18] :
Lemma 2.13. Let f P Homeo k pT 2 q andf : R 2 ý be a lift of f . Then the following properties are equivalent:
(1) estimate (22) holds; (2) we have
Proof. First observe that given any z P R 2 , we havẽ (23) and (24) hold simultaneously, for every f P Homeo k pT 2 q and any liftf : R 2 ý.
So let us just consider the case k " 0. It is clear that condition (22) holds if and only if either (23) or (24) holds. So, it just remains to prove that (23) and (24) are equivalent.
For the sake of concreteness, let us suppose that (23) is false, i.e. there is C ą 0 such that
Then write ∆ 1 :" pr 1˝∆f and observe that
Combining Birkhoff ergodic theorem and (25) we conclude there is ρ P R such that
where the convergence is uniform in T 2 . Moreover, by (25), it holds n´1 ÿ j"0
Finally, by [KPR18, Corollary 3.2], we know that this last estimate implies pr 1`f´n pzq´z˘´p´nqρ ď C, @z P R 2 , @n ě 1, and hence (24) does not hold when (23) does not either.
Finally, a homeomorphism f P Homeo 0 pT 2 q is said to be a pseudo-rotation with uniformly bounded rotational deviations when f is a pseudo-rotation and there is a constant C ą 0 such that
wheref : R 2 ý is a lift of f and its rotation set satisfies ρpf q " tρu. Let us finish this section with two lemmas about torus homeomorphisms exhibiting unbounded deviations in certain direction: Lemma 2.14. Let f P Homeo k pT 2 q,f : R 2 ý be a lift of f and suppose f exhibits unbounded horizontal rotational deviations, i.e. condition (22) holds. If x P Ωp f q is a fully essential point for f and V is a connected neighborhood of x, then it holds
for every connected componentṼ of π´1pVq.
Proof. Without loss of generality we can assume V is open and lift-bounded. Since x is fully essential, there are two continuous simple closed curves α 1 , α 2 : T Ñ T 2 that generates the first homology group H 1 pT 2 , Zq and such that their images are contained in U f pVq. This implies there exists C ą 0 such that
where, by some abuse of notation, we are just writing α i to denote the image of the curve α i , and π 0 p¨q denotes the set of connected components of the corresponding space. Then, let us consider the open set
Notice that, by the previous estimate, Q is bounded in R 2 and its boundary is contained in π´1pα 1 Y α 2 q. So, ifṼ is an arbitrary connected component of π´1pVq, for each z P BQ there exist n z P Z and p z P Z 2 such that
where we are using the notation introduced in Remark 2.2 By compactness of BQ, there exist finitely many points z 1 , . . . , z ℓ P BQ such that
where I k denotes the integer matrix given by (10). Then, since Q contains a fundamental domain and (22) holds, by (23) of Lemma 2.13 we conclude that sup nPN diamf n pBQq " 8.
Now, for each n P Z,f n pBQq is covered by ℓ (integer translations of) images ofṼ, so estimate (27) must hold.
Lemma 2.15. Let f P Homeo k pT 2 q,f : R 2 ý be a lift of f and suppose f exhibits uniformly bounded vertical rotational deviations and unbounded horizontal rotational deviations. Let x P Ωp f q be a fully essential point for f ,Ṽ a neighborhood of some pointx P π´1pxq Ă R 2 , and N 0 be a natural number. Then there exists m P N, such that for every j P tm, m`1, . . . , m`N 0 u, there are p j , p 1 j , q j P Z, with p j ‰ p 1 j , such that f j pṼq X T pp j ,q j q pṼq ‰ H, andf j pṼq X T pp 1 j ,q j q pṼq ‰ H, for every j P tm, m`1, . . . , m`N 0 u. 
Proof. Without loss of generality we can assumeṼ " B r pxq, with 0 ă r ă 1{4. Then, V :" πpṼq " B r pxq Ă T 2 , where x " πpxq P Ωp f q is a fully essential point for f .
Repeating the argument we used in the proof of Lemma 2.14, there are two continuous simple closed curves α 1 , α 2 : T Ñ T 2 that generate the first homology group H 1 pT 2 , Zq and such that their images are contained in U f pVq.
Then let us consider the fundamental domain Q given by (28). Let z 1 , . . . , z ℓ P BQ, n z 1 , . . . , n z ℓ P Z and p z 1 , . . . , p z ℓ P Z 2 such that condition (29) holds. Let M 0 be the natural number given by Lemma 2.16 associated to the natural numbers n z 1 , . . . , n z ℓ and N 0 .
Let us consider the set
Now, since f exhibits bounded vertical rotational deviations, we know that its vertical rotation set given by (14) is a singleton and there exists a real constants C 0 ą 0 such that
where ρ V pf q " tρu. This implies that
Then, consider the set of integer numbers (33) E n :" tq P Z : Dp P Z, T pp,qq pQq X S n ‰ Hu, @n P Z.
SinceQ has finite diameter, we know that
where 7p¨q denote the cardinality of the set, and on the other hand it clearly holds (35)Q X T p pQq " H, @p P Z 2 , with }p} ą diamQ.
Taking into account (34), (35), we consider an integer number L P N such that
Now, by Lemma 2.14 sup nPN diam´pr 1`f n pṼq˘¯" 8.
So This means that for each j P tm 1 , . . . , m 1`M 0 u and every r P t1, . . . , Lu, there exists z j,r P tz 1 , . . . , z ℓ u such that
Observe that, by (35), the sets T Then, the existence of the natural number m and the conclusion of the lemma itself follow by Lemma 2.16.
Wandering points as an obstruction to Kronecker factors
The main purpose of this section consists in describing the construction of three examples of totally irrational pseudo-rotations with uniformly bounded rotational deviations but which does not admit any non-trivial Kronecker factor.
In these three examples the geometry of the wandering sets plays a fundamental role, showing that the small wandering domains hypothesis is fundamental and sharp in Theorem A.
First we shall perform a general construction, which is a slight modification of classical suspensions, that will be used in § §3.2 and 3.3.
3.1. Suspending circle homeomorphisms. Given arbitrary homeomorphisms g 1 , g 2 P Homeo 0 pTq and a liftg 1 : R ý of g 1 , we will construct the "time-g 1 of the suspension flow of g 2 ," a homeomorphism g P Homeo 0 pT 2 q which is defined as follows.
First, consider the equivalence relation " on RˆT given by (39)
Since g 2 is homotopic to the identity, the quotient space pRˆTq{ " is indeed homeomorphic to T 2 , and we shall just identify them without any further reference.
As usual, we define the suspension flow Φ : RˆT 2 Ñ T 2 by (40) Φ t rs, xs :" rt`s, xs, @ps, xq P RˆT, @t P R, where rs, xs denotes the equivalence class of the point ps, xq. Then, we define the homeomorphism g : T 2 ý as the "time-g 1 " of Φ. More precisely, we write (41) grt, xs :" rg 1 ptq, xs, @pt, xq P RˆT, whereg 1 : R ý is a lift of g 1 . In order to verify that g is indeed well defined, it is enough to notice thatg 1 commutes with any integer translation on R.
Then we have the following 
In particular, W pgq is connected and fully essential. (vi) when the rotation vector of g is totally irrational, it admits a T 2 minimal
Kronecker factor and Ωpgq is the only minimal set for g.
Proof. In order to prove (i), it is enough to verify that the vertical circle foliation ttuˆT : t P R ( of RˆT is invariant by the quotient map pt, xq Þ Ñ`t`1, g´1 2 pxqȃ nd the flow r Φ : RˆpRˆTq Q`t, ps, xq˘Þ Ñ pt`s, xq, which is the lift of flow Φ. Then, one can easily verify that the there exists a liftg : R 2 ý of g such that ρpgq " tp1, ρpg 1 qρpg 2 qu. This clearly implies (ii).
To prove (iii) it is enough to notice that g leaves invariant two topologically transverse foliations with different asymptotic homological directions (see [KK09, Proposition 4 .1] and [KPR18, Theorem 5.4] for details): one of them is the vertical circle foliations of the skew-product structure given by (i); the other one is given by the orbits of the (singularity free) flow Φ.
Properties (iv) and (v) are straightforward consequences of classical results about the non-wandering set of suspension flows.
Finally, in oder to prove (vi), observe that, by (ii), if g is a totally irrational pseudo rotation, then g 1 and g 2 have irrational rotation numbers. So, by classical Poincaré theory, both of them are topological extension of irrational rotations of the circle, and Ωpg 1 q and Ωpg 2 q are the only minimal sets for g 1 and g 2 , respectively. These properties pass to the flow Φ by suspension.
3.2. Unbounded inessential wandering set. In this paragraph we show the existence of a totally irrational pseudo-rotation f P Homeo 0 pT 2 q, exhibiting uniformly bounded rotational deviations (in every direction), whose wandering set W p f q is connected, inessential and lift-unbounded and such that f does not admit any non-trivial Kronecker factor.
To do that, let g 2 : T ý be a Denjoy homeomorphism with just one orbit of wandering domains (i.e. Perpg 2 q " H, W pg 2 q ‰ H and W pg 2 q " Ť n g n 2 pIq, for any connected component I of W pg 2 q) andg 1 " T ρ 1 : R ý be a translation such that the map g P Homeo 0 pT 2 q constructed in § 3.1 is a totally irrational pseudo-rotation (see condition (ii) of Proposition 3.1). Since g 2 has just one orbit of wandering domains and property (iv) of Proposition 3.1 holds, we have that W pgq is connected.
By (vi) of Proposition 3.1, we know that g admits a minimal T 2 Kronecker factor. One can easily show that two different points z, z 1 P T 2 are Kronecker equivalent for g (see Definition 2.2) if and only if pr 1 pzq " pr 1 pz 1 q and there exists a connected component J of the set W pgq X tpr 1 pzquˆT such that z, z 1 P J.
So, given any topological open disc U Ă W pgq, we can clearly find two points w 0 , w 1 P U which are not Kronecker equivalent; and thus, they are in fact Kronecker separated (again see Definition 2.2 for details). Moreover, taking U small enough, we can assume U is a wandering set for g. Then, since U is open and connected, there exists ℓ P Homeo 0 pT 2 q so that supp ℓ Ă U Ă W pgq and ℓpw 0 q " w 1 .
Then we just define f :" g˝ℓ. Since ℓ is supported in a g-wandering set, it holds Ωp f q " Ωpgq, and therefore, f and g coincide on this set. So, f has a connected, inessential and lift-unbounded wandering set as well. Moreover, since g exhibits uniformly bounded rotational deviations and ℓ is supported on a g-wandering liftbounded set, this implies f exhibits uniformly bounded rotations deviations as well.
We claim that f does not admit any non-trivial Kronecker factor. To prove this, reasoning by contradiction, let us suppose there is a semi-conjugacy h : T 2 Ñ T and a minimal rotation T ρ : T ý such that h˝f " T ρ˝h . Since Ωp f q is a minimal set for f , we have that two points of Ωp f q " Ωpgq are Kronecker equivalent for f if and only if so they are for g. Then, for each i P t0, 1u, we can consider an arbitrary point w 1 i P Ωpgq X cc`W pgq X pr 1 pw i q (ˆT , w i˘. Since w 0 and w 1 are Kronecker separated for g, and w i and w 1 i are g-proximal, for i P t0, 1u, we conclude w 1 0 and w 1 1 are Kronecker separated for g. So, w 1 0 and w 1 1 are Kronecker separated for f , too; but w 0 and w 1 1 are f -proximal and w 0 and w 1 0 are f´1-proximal. This clearly contradicts the existence of a non-trivial Kronecker factor for f .
3.3. Fully essential wandering set. In this paragraph we describe the construction of a totally irrational pseudo-rotation f P Homeo 0 pT 2 q with uniformly bounded rotational deviations, such that the wandering set W p f q is fully essential and such that f does not admit any non-trivial Kronecker factor. The construction is very similar to that one performed in §3.2. In this case we start considering two Denjoy maps g 1 , g 2 P Homeo 0 pTq, with liftsg 1 ,g 2 : R ý such that 1, ρpg 1 q and ρpg 2 q are linearly independent over Q.
Then, let g P Homeo 0 pT 2 q be the homeomorphism given by the construction described at the beginning of §3.1, associated tog 1 and g 2 . By (ii) and (v) of Proposition 3.1, we know that g is a totally irrational pseudo-rotation and W pgq is a fully essential connected set.
Then, by (v) we can choose a point w 0 P W pgq such that pr 1 pw 0 q P Ωpg 1 q. So we know there exist I Ă W pg 2 q and s 0 P R such that
Then, for any ε ą 0 sufficiently small, the open set
s a wandering set for g.
Since Ωpg 1 q has no isolated points and U is an open topological disc, we know there exists another point w 1 P U such that pr 1 pw 0 q P Ωpg 1 qz pr 1 pw 1 q ( . This implies that w 0 and w 1 are not Kronecker equivalent, and consequently, they are indeed Kronecker separated.
As we did in §3.2, we consider a homeomorphism ℓ P Homeo 0 pT 2 q such that ℓpw 0 q " w 1 and supp ℓ Ă U Ă W pgq. Again, we define f :" g˝ℓ. By the very same argument we exposed in §3.2, one can show f is a totally irrational pseudo-rotation exhibiting uniformly bounded rotational deviations, fully essential wandering set and having no non-trivial Kronecker factor.
3.4. Inessential bounded non-small wandering domains. In this paragraph we describe the construction of a totally irrational pseudo-rotation f : T 2 ý not admitting any non-trivial Kronecker factor, and such that it exhibits uniformly bounded rotational deviations, its wandering set is the union of countably many inessential lift-bounded wandering domains, all of them having the same diameter and hence, not satisfying the small wandering domain hypothesis (see Definition 2.3).
To do that, let start considering a totally irrational vector α P R 2 and let T α : T 2 ý be the corresponding rigid rotation. Given any γ P RzQ and δ ą 0, let us define
and, for each z P T 2 , let us write By classical "à la Denjoy" surgery procedures, we can construct a topological extension g P Homeo 0 pT 2 q of T α satisfying the following properties: there exist a continuous map h : T 2 ý in the identity homotopy class and a sequence tα n u nPZ of points of T 2 such that h˝g " T α˝h , each fiber h´1pzq is a singleton if and only if z P T 2 z Ť nPZ T n α pF γ δ q, and h´1pzq " z`α n`π p´γt, tq : t P`´δ n pzq, δ n pzq˘( , whenever z P T n α pF γ δ q, and where δ n pzq :" 2´| n|´10´δ´d T 2`z, T n α p0q˘¯and d T 2 p¨,¨q denotes the distance function given by (9).
Notice that the wandering set of g is given by
where Ů denotes the disjoint union operator, and diam´h´1`T n α pF γ δ q˘¯" 2δ, @n P Z. So, g does not satisfies the small wandering domain hypothesis given by Definition 2.3.
On the other hand, observe that the semi-conjugacy h is unique up to postcomposition with rigid translations. So, two different points of w 0 , w 1 P T 2 are Kronecker equivalent for g if and only if there exist n P Z, z P T n α pF γ δ q and t 0 , t 1 P r´δ n pzq, δ n pzqs satisfying w i " z`α n`π p´γt i , t i q, for i P t0, 1u.
In particular, inside the wandering domain h´1pF γ δ q we can find two points w 0 and w 1 which are not Kronecker equivalent. Moreover, since γ is irrational, this implies w 0 and w 1 are indeed Kronecker separated.
Then, as we did in § §3.2 and 3.3, and observing h´1pF γ δ q is an open topological disc, we can find a homeomorphism ℓ P Homeo 0 pT 2 q such that hpw 0 q " w 1 and supp ℓ Ă h´1pF γ δ q. Then we define f :" g˝ℓ. Again, g clearly exhibits uniformly bounded rotational deviations and ℓ is supported on a lift-bounded wandering domain, so f exhibits uniformly bounded rotational deviations, too. Regarding the wandering set, it clearly holds W p f q " W pgq. So, f does not satisfy the small wandering condition either. There exist points w 1 i P Ωpgq such that w i is Kronecker equivalent to w 1 i , for i P t0, 1u and w 0 is fproximal to w 1 1 and f´1-proximal to w 1 0 , which are Kronecker separated points. So, f does not admit non-trivial Kronecker factors.
ρ-centralized skew-product
In this section we introduce the main character of this work: the ρ-centralized skew-product induced by the torus homeomorphism f . This is a generalization and modification of that one we introduced in [Koc16, KPR18] to study rotational deviations for periodic point free homeomorphisms in the identity homotopy class. This new version can be defined for homeomorphisms homotopic to Dehn twists and we will show it exhibits very nice and useful dynamical properties.
Let k be any integer number, f P Homeo k pT 2 q an arbitrary homeomorphism andf : R 2 ý be a lift of f . We know that the displacement function given by ∆f :"f´I k : R 2 ý is Z 2 -periodic, and thus, it can be considered as an element of C 0 pT 2 , R 2 q, where I k P SLp2, Zq is given by (10).
For the sake of simplicity, let us write
On the other hand, letf : A ý be the only annulus homeomorphism such that π˝f "f˝π, whereπ is the covering map given by (15).
Then, given any ρ P R let us define the ρ-centralized skew-product induced byf as the homeomorphism F : TˆA ý given by (42) Fpt, x,ỹq :"´T ρ ptq, x`kpy`tq`π´∆ 1`x , y`t˘¯,ỹ`∆ 2 px, y`tq´ρ¯, for every pt, x,ỹq P TˆA " TˆTˆR and where y :" πpỹq P T. The usefulness of map F can be briefly summarized with the following simple but important property:
for any pt,ẑq P TˆA, anyt P π´1ptq and every n P Z.
On the other hand, let us notice that the skew-product F has a full flow of symmetries: for each s P R consider the map Γ s : TˆA ý given by Γ s :" T sˆT´s , i.e.
(44) Γ s pt, x,ỹq :"`t`πpsq, x,ỹ´sq, @pt, x,ỹq P TˆA.
Then, we have the following
Proposition 4.1. The map Γ : RˆTˆA Ñ TˆA is a flow and, for each s P R, the homeomorphisms Γ s and F commute, and Γ s is an isometry of the metric space pTˆA, d TˆA q, where the distance function is given by
Proof. This follows from straightforward computations. In fact,
On the other hand, given any s P R and any pt, x,ỹq P TˆA, it holds F`Γ s pt, x,ỹq˘" F`t`πpsq, x,ỹ´s"´T ρ`Ts ptq˘, x`kpy`tq`π˝∆ 1 px, y`tq,ỹ´s`∆ 2 px, y`tq´ρ"
Then, let us fix some terminology. Given any t P T and any pt,ẑq P TˆA, the Γ-line through pt,ẑq is its flow line, i.e. it is given by Γpt,ẑq :" tΓ s pt,ẑq P TˆA : s P Ru .
On the other hand, we introduce the concept of blocks of TˆA, which are a particular kind of open subsets of TˆA: given an open set V Ă A, a point t P T and a positive real number r, we define the corresponding r-block centered at t associated to V by
A rather simple but important property of blocks is given by the following Proposition 4.2. If V Ă A is an open subset, t P T and r ą 0, and V r,t is the r-block centered at t associated to V given by (45), then it holds F n`Vr,t˘"`T´1 t˝T´n ρ˝f n˝Tt pVq˘r ,T n ρ ptq , @n P Z, @t P π´1ptq.
In particular, the F-image of any r-block is another r-block.
Proof. It easily follows from (43), Proposition 4.1 and (45).
Finally, as a straightforward consequence of (43) we get the following Proposition 4.3. Given any z P T 2 , any n P Z, anyẑ Pπ´1pzq and anyŵ P π´1`f n pzq˘(where projectionπ is given by (16)), the point F n p0,ẑq belongs to the Γ-line through p0,ŵq.
Proof. Sinceπ˝f " f˝π, we havê π`f n pẑq˘" f n`π pẑq˘" f n pzq "πpŵq.
So there exists m P Z such thatT m pŵq "f n pẑq, or equivalently we can write
Then, by (43) we know that
4.1. The ρ-centralized skew-product and rotational deviations. From now on and until the end of this section we supposef : R 2 ý is a lift of a homeomorphism f P Homeo k pT 2 q exhibiting uniformly bounded vertical deviations, with ρ and C as in (21) and v " p0, 1q. Let F : TˆA ý be the ρ-centralized skew-product induced byf as defined in (42). Then we have the following Proposition 4.4. Every F-orbit is bounded in the vertical direction, i.e. if pt, x,ỹq P TˆA is an arbitrary point and we define pt n , x n ,ỹ n q :" F n pt, x,ỹq, then it holds
where C is the constant given by (21).
Proof. This is a straightforward consequence of estimate (21) and property (43).
The following result will play a key role in our work:
Theorem 4.5. If f is Ω-recurrent (see Definition 2.1), then a point px, yq P T 2 is non-wandering for f if and only if Γ s p0, x,ỹq P ΩpFq, for everyỹ P π´1pyq and all s P R.
Proof. First observe that, by Proposition 4.1, the set ΩpFq is Γ-invariant. So it is enough to show that a point px, yq P Ωp f q if and only if p0, x,ỹq P ΩpFq, for somẽ y P π´1pyq. Then, let us prove the "if" direction, which holds without the boundedness of rotational deviations and the Ω-recurrence assumptions. So, let p0, x,ỹq be any point of ΩpFq.
Let us fix a positive number δ and write just B for the open ball B δ px,ỹq Ă A. Then, since p0, x,ỹq is a non-wandering point, there exists n ě 1 such that
where B δ,0 denotes the δ-block centered at 0 P T and associated to B, as defined by (45). By (43), there are s, s 1 P p´δ, δq such that T n ρ`π psq˘" πps 1 q and T´n ρ˝f n`T´s pBq˘XT´s1pBq ‰ H.
In particular, this implieŝ
However, since s, s 1 P p´δ, δq, we know there exists p P Z such that |p´nρ| ă 2δ and thus we getf n`B 2δ px,ỹq˘XT p`B4δ px,ỹq˘‰ H, which implies that f n`B 2δ px, yq˘X B 4δ px, yq ‰ H, where y " πpỹq, and hence px, yq P Ωp f q, as desired. Now, let px, yq be any point of Ωp f q and let us fix a pointỹ P π´1pyq. Given
Since r ă 1{4, there is a unique pointỹ 1 P π´1py 1 q X B r pỹq, and for each j ě 1, a unique pointỹ 1 j P π´1py 1 j q X B r pỹq. By Proposition 4.3, for each j ě 1 there is a real number s j such that
On the other hand, by Proposition 4.4 we know that s j ď 2C, @j P N.
Now, invoking Proposition 4.1 we get
for every j ě 1. Now, recalling Γ is an isometric flow (i.e. for every s, Γ s leaves invariant the distance d TˆA defined in Proposition 4.1), we observe the arc on the right side of the equation has finite length. On the other hand, on the left side of the equation, we have infinitely many constant length segments. So we can conclude there exist k ą j ě 1 such that
r , this implies F n k´nj pB r,0 r q X B r,0 r ‰ H, with n k´nj ą 0. So, p0, x,ỹq P ΩpFq.
Now we can state the main result of this section:
Theorem 4.6. Let us suppose f P Homeo k pT 2 q is Ω-recurrent, periodic point free, exhibits uniformly bounded vertical rotational deviations and is not eventually annular. Let V Ă TˆA be a nonempty connected bounded open set such that V X ΩpFq ‰ H. Then, for each t P T, the open set AzU F pVq t has exactly two unbounded connected components, where U f pVq Ă TˆA is the set given by (8) and U F pVq t denotes the fiber of U F pVq over t given by (5).
In order to prove Theorem 4.6, let us start considering the following Lemma 4.7. If f P Homeo 0 pT 2 q is an Ω-recurrent totally irrational pseudorotation exhibiting uniformly bounded rotational deviations, i.e. estimate (26) holds, and V is as in Theorem 4.6, then U F pVq t Ă A is an annular set, for every t P T.
Proof of Lemma 4.7. Letf : R 2 ý be a lift of f andρ P R 2 be the totally irrational vector appearing in estimate (26). So, ρ " pr 2 pρq is the irrational number we are considering to define the ρ-centralized skew-product given by (42).
Reasoning by contradiction, suppose there exists a nonempty open connected subset V Ă TˆA and t P T such U F pVq t is not annular, i.e. is inessential in A. Since ρ is irrational and U F pVq is open, we conclude U F pVq t is inessential in A, for every t P T.
Consider the covering map πˆπ : RˆR 2 Ñ TˆA given by (47) πˆπpt,zq :"`πptq,πpzq˘, @pt,zq P RˆR 2 , and let Č U f pVq Ă R 3 be a connected component of pπˆπq´1`U F pVq˘. Again by irrationality of ρ, it must hold pr 1`U F pVq˘" T. On the other hand, since πˆπ is a covering map, and both sets U F pVq and Č U F pVq are open and connected, we get
So we have pr 1´Č U F pVq¯" R.
On the other hand, since U F pVq is open, connected and bounded in TˆA, we know that pr 3´Č U F pvq¯is also bounded in R. Hence, there exists ℓ P Z, which is unique and independent of the choice of the connected component Č U F pVq, such that (49) Č U F pVq˜t`1 " T pℓ,0q´Č U F pVq˜t¯, @t P R.
Since V intersects ΩpFq and (48) holds, there is pt,zq P Č U F pVq so that the point pt, zq :" πˆπpt,zq belongs to ΩpFq. This implies there exists a sequence of positive integers pn j q jě1 and a sequence of points`pt j , z j q˘j ě1 such that pt j , z j q P B 1{4j pt, zq Ă TˆA and F n j pt j , z j q P B 1{4j pt, zq, for each j ě 1. Observe, since F is periodic point free, it necessarily holds n j Ñ`8, as j Ñ 8. So, by (43), we can conclude that for each j ě 1 there exist unique numbers m j , p j P Z such that m j´nj ρ ă 1{2j and
where pt j ,z j q is the only point in pπˆπq´1pt j , z j q X B 1{j pt,zq, provided j ě 4. Now, recalling we are assuming f is a pseudo-rotation and ρpf q " tρu is the rotation set given by (12), as a consequence of (50) we get p j {n j Ñ pr 1 pρq " ρ and m j {n j Ñ pr 2 pρq, as j Ñ 8.
However observe that, by (49), p j " ℓm j , for all j ě 1. This implies that pr 1 pρq " ℓpr 2 pρq, contradicting the fact that ρ was totally irrational. So, U F pVq t is annular for every t P T.
Then we can finish the proof of Theorem 4.6:
Proof of Theorem 4.6. If f P Homeo 0 pT 2 q is a pseudo-rotation and exhibits uniformly bounded horizontal deviations, then it exhibits uniformly bounded rotational deviations in every direction. Since f is not eventually annular, this implies its rotation set of any lift of f is singleton containing a totally irrational vector. Hence we can invoke Lemma 4.7 to guarantee that U F pVq t is annular for every t P T, and thus, AzU F pVq t has exactly two unbounded connected components; and the theorem is proven in this case.
So, now we can assume that f exhibits unbounded horizontal rotational deviations, i.e. iff : R 2 ý is a lift of f , then condition (22) holds.
Reasoning by contradiction, let us suppose there exists a nonempty open connected bounded subset V Ă TˆA and t 0 P T, such that V X ΩpFq ‰ H and AzU F pVq t 0 has just one unbounded connected component.
Since f exhibits uniformly bounded vertical deviations, by (43) we know the set U F pVq is bounded in TˆA and so there exists a constant C v ą 0 such that
Thus, since AzU F pVq t 0 is open, its unique unbounded connected component is arc-wise connected as well. So there exists a continuous curve γ : r0, 1s Ñ A such that γp0q P Tˆp´8,´C v´1 q, γp1q P TˆpC v`1 ,`8q and γpsq R U F pVq t 0 , for every s P r0, 1s. By compactness of the (image of the) curve γ and the set U F pVq, there exists ε ą 0 such that γpsq R U F pVq t , @t P B ε pt 0 q, @s P r0, 1s, where B ε pt 0 q :" tt P T : d T pt, t 0 q ă εu. Since the number ρ appearing in the base dynamics of the skew-product F is irrational, this implies that there exists N P N such that
So, for every t P T there are n t P t0, 1, . . . , Nu and t 1 P B ε pt 0 q such that T n t ρ pt 1 q " t and then, (52) F n t`t 1 , γpsq˘R U F pVq, @s P r0, 1s.
Then, putting together (51) and (52) we conclude that for every t P T, every connected component of the set U F pVq t is lift-bounded in A. Moreover, they are uniformly bounded, i.e. there is a real constant C ą 0 such that diam r U ă C, for every t P T and every connected component r U of the open setπ´1`U F pVq t˘Ă R 2 , whereπ : R 2 Ñ A denotes the covering map given by (16).
Let us see that this leads us to a contradiction. In fact, by Proposition 4.1 we know the set ΩpFq is Γ-invariant, and we are assuming V X ΩpFq ‰ H. So, there exists s P R such that Γ s pVq X ΩpFq X`t0uˆA˘‰ H. Let us consider the fiber of the Γ s pVq over the point 0 P T, i.e. the set`Γ s pVq˘0. Since f is Ω-recurrent, by Theorem 4.5 we know that`Γ s pVq˘0 Xπ´1`Ωp f q˘‰ H.
Hence, there is a connected componentṼ of the open setπ´1´`Γ s pVq˘0¯Ă R 2 such that πpṼq X Ωp f q ‰ H, whereπ : R 2 Ñ A and π : R 2 Ñ T 2 are the natural covering maps. Now notice, since we are assuming f is periodic point free and non-eventually annular, by Proposition 2.12, every non-wandering point is fully essential, and recalling f exhibits unbounded horizontal rotational deviations (i.e. condition (22) holds), we can invoke Lemma 2.14 to conclude that
Finally, by (43) we know that (53) contradicts the fact that connected components of U F pVq are uniformly lift-bounded; and thus Theorem 4.6 is proven.
Proof of Theorem A
In order to show that estimate (2) is a necessary condition for the existence of a non-trivial minimal Kronecker factor, no assumption about the non-wandering set is required. In fact, the proof is based in rather classical arguments and all the details can be found for instance in [JT17, Lemma 3.1]. Let us just mention that in this case the irrationality of ρ follows from the non-annularity hypothesis.
To finish the proof of Theorem A, from now on let us suppose f satisfies condition (2). By Proposition 2.4 and the remark about rotational deviations at the beginning of §2.6, there is no loss of generality assuming f P Homeo k pT 2 q, for some k P Z, and v " p0, 1q in estimate (2). So, the liftf : R 2 ý of f commutes with the vertical translation T p0,1q : R 2 ý and, consequently, induces an annulus homeomorphism f : A ý characterized by the semi-conjugacy equationπ˝f "f˝π. Now, we want to construct a surjective continuous map h : T 2 Ñ T such that h˝f " T ρ˝h , where ρ is the irrational number given by (2). We know that in such a case, each fiber h´1pyq, with y P T, is an annular continuum, as defined in §2.4.2. So, following Jäger [Jäg09] , we will define the semi-conjugacy h starting from its family of fibers.
More precisely, due to technical reasons we will start working on the annulus A instead of T 2 and we will construct a family of continua tC s Ă A : s P Ru such that each C s is an annular continuum in A, they are well ordered according to the index, i.e.
where U´p¨q denotes the lower connected component of the complement in A of the corresponding essential as defined in §2.4.2; and the family satisfies the following equivariant properties:T
Observe that, in particular, (54) implies that the continua are two-by-two disjoint, i.e. C s X C r " H, whenever r ‰ s.
Then, we define the mapĥ : A Ñ R by (57)ĥpzq :" inf s P R : z P U´`C s˘( , @z P A.
By (55) we know thatĥ˝T 1 " T 1˝ĥ and, by (56),ĥ˝f " T ρ˝ĥ . Thus,ĥ is the lift of a map h : T 2 Ñ T and it clearly holds h˝f " T ρ˝h . So, in order to show that h is indeed a semi-conjugacy, it just remains to prove thatĥ, and then h as well, is continuous. This is a consequence of the irrationality of ρ and the fact that the annular continua tC s : s P Ru are two-by-two disjoint. The reader can find more details about the proof of the continuity ofĥ given by (57), assuming (54), (55) 5.1. The construction of continua C s . In order to finish the proof of Theorem A, it remains to construct the family of annular continua tC s : s P Ru satisfying properties (54), (55) and (56). To do that, let F : TˆA ý be the ρ-centralized skew-product induced byf given by (42) and where ρ is the irrational number appearing in (2). Since f exhibits small wandering domains (Definition 2.3) and is periodic point free, by Proposition 2.8 we know that f is Ω-recurrent, and hence, by Theorem 4.5 we know that z P Ωp f q if and only p0,ẑq P ΩpFq, for everyẑ Pπ´1pzq.
The main new idea of the proof of Theorem A is given by the following lemma, which could seem at fist glance to be rather technical, but is the core of the method: Before proving Lemma 5.1, let us see how the open set T can be used to construct our family of annular continua tC s : s P Ru.
First, observe that, by Theorem 4.6, the set AzΓ´s`T˘t has exactly two unbounded connected components, for every t P T and any s P R. Hence, we can define the sets T s,t :" U´´Γ´s`T˘t¯Ă A, @t P T, @s P R, i.e. it is the lower unbounded connected component of the set AzΓ´s`T˘t. Then we write (59) C s :" B A`T s,0˘Ă A, @s P R.
Notice that each C s is an annular continuum. Moreover, since F commutes with Γ´1 and Γ´1pt, zq " pt, z`1q, for all pt, zq P TˆA, then (55) clearly holds.
In order to prove (56), observe that, since Γ´spT q is F-invariant and F preserves the ends of the space TˆA, we get
, @t P T, @s P R, and on the other hand,
, @t P T, @s P R.
Putting together (43), (60) and (61) we get f pC s q " C s`ρ , @s P R, and (56) is proven. So, it remains to prove that the continua tC s : s P Ru given by (59) satisfies condition (54). To do that, it is important to notice that is enough to show that
In fact, one can easily check that condition (54) follows from (62) and the combinatorics of these annular continua given by conditions (55), (56) and the fact that pr 2`f n´i dn Ñ ρ, as n Ñ 8 uniformly on A, which is a direct consequence of (2). So, condition (62) is the only remaining step to prove that Theorem A is consequence of Lemma 5.1. To do that, let r be an arbitrary real number and s P p0, 1q. We will show that C r and C r`s are disjoint. Then, recalling that C r and C r`s are the boundary of the open set T Since T and ΩpFq are F-invariant, and by Proposition 4.1 F and Γ commute, we get thatV is F-invariant, and by Lemma 5.1, it holdsV X ΩpFq ‰ H. Moreover, we claim there exists a connected component V P π 0 pVq such that
To prove this, first let V 1 be any connected component ofV that intersects ΩpFq. If pt,ẑq is an arbitrary point of V 1 X ΩpFq, since F and Γ commute and V 1 is open, there is a positive number ε ą 0 such that Γ u pt,ẑq P V 1 X ΩpFq X tt`πpuquˆA, @u P p´ε, εq.
Then, since ρ is irrational, there is n P Z such that 0 P T n ρ`B ε ptq˘Ă T; and hence, V :" F n pV 1 q P π 0 pVq satisfies (63). Now, recalling we are assuming f is not eventually annular, there are two possible cases to be considered: either f is a totally irrational pseudo-rotation exhibiting uniformly bounded rotational deviations (i.e. estimate (26) holds); or f exhibits uniformly bounded vertical rotational deviations and unbounded horizontal deviations (i.e. estimate (22) holds).
In the first case, i.e. when f is a totally irrational pseudo-rotation and (26) holds, the disjointness of continua C r and C r`s easily follows from Lemma 4.7. In fact, V is a connected component of an F-invariant set and intersects ΩpFq. So, V " U F pVq and by Lemma 4.7 we know that V t is annular, for every t P T. This implies V t separates C r and C r`s .
The second case, i.e. when f exhibits unbounded horizontal deviations, will follow as consequence of Lemma 2.15, but it is a little more involved.
Let p0,ẑq be any point belonging to V X ΩpFq, and δ ą 0 be a sufficiently small number such that Without loss of generality we can assume δ ă 1{4. We will show that there exists i P N and q P Z such that (65)`Γ´qpBq X F i pBq˘0 Ă A is an essential set, and this will prove that C r and C r`s are disjoint. In fact, we know that B 0 X C r Ă V 0 X C r " H, and hence, by (55),`Γ´qpBq˘0 XT q pC r q " T q pB 0 q X C r`q " H, where B 0 denotes the fiber of B Ă TˆA over the point 0 P T. Analogously, one can show that`Γ´qpBq˘0 X C r`s`q " H; and since we are assuming 0 ă s ă 1, we know that B 0 X C r`q " B 0 X C r`s`q " H, for any q P Z. So, condition (65) clearly shows that C r`q X C r`s`q " H, and by (55), this holds if and only if C r X C r`s " H. So, let us show (65) holds. By the minimality of T ρ : T ý, we know there exists a natural number N such that for any m P Z, there is i P tm, m`1, . . . , m`Nu such that T i ρ p0q P B δ{4 p0q Ă T. On the other hand, if we write z :"πpẑq, by Theorem 4.5 we know that z P Ωp f q. Letz be any point in π´1pzq "π´1pẑq. Applying Lemma 2.15 for the open set B δ{4 pzq Ă R 2 and the natural number N given by the above condition, we know that there is m P N such that for every j P tm, m`1, . . . , m`Nu, there are p j , p 1 j , q j P Z with p j ‰ p 1 j and such thatf j`B δ{4 pzq˘X T pp j ,q j q`Bδ{4 pzq˘‰ H and f j`B δ{4 pzq˘X T pp 1 j ,q j q`Bδ{4 pzq˘‰ H; or in other words, we get that the open set T q j´π`Bδ{4 pzq˘¯Yf j´π`B δ{4 pzq˘¯is essential in A, for every j P tm, . . . , m`Nu. Then, let i be a natural number such that i P tm, . . . , m`Nu and T i ρ p0q P B δ{4 p0q, and let us consider the open set since we are assuming δ ă 1{4. We know thatB piq is an essential set and putting together this with Propositions 4.1 and 4.2, and (64), we conclude that there is an integer number q such that the set given by (65) is an essential set in A, as we wanted to prove. Then, (54) is proven. So, the last step of the proof of Theorem A is
Proof of Lemma 5.1. The proof of this lemma is considerably simpler in the case that Ωp f q has nonempty interior (e.g. when f is non-wandering) than in the case where the wandering set is dense in T 2 . So, for the sake of simplicity of the exposition let us start proving the lemma under the assumption that the non-wandering set has nonempty interior. In such a case, let V Ă Ωp f q be an open, nonempty, lift-bounded and connected set.
Since we are assuming f is periodic point free and exhibits small wandering domains, by Proposition 2.8 we know that f is Ω-recurrent, and thus, by Theorem 4.5 it holds t0uˆπ´1pVq Ă ΩpFq Ă TˆA, whereπ : A Ñ T 2 is the natural covering map given by (16).
LetV be any connected component ofπ´1pVq Ă A. Since we are assuming V is lift-bounded,V is bounded in A as well. Then, we define (66)
T :" U F´V 1 2 ,0¯, whereV 1 2 ,0 denotes the 1{2-block induced by V and centered at 0 P T given by (45), and U F p¨q is given by (8). By Proposition 4.1 we know F and Γ commute, so T Ă ΩpFq. Then, since T is defined as a connected component of an Finvariant set and intersects the non-wandering set of F, there exists N P N such that F N pT q " T , and this implies F N`T˘" T . Moreover, by Theorem 4.6 we know that the set T t is essential in A, for every t P T. This means thar for every t, the complement of closed set T t has exactly two unbounded components. Since the map F preserves the ends of each vertical, we conclude that FpT q " T , i.e. we can take N " 1 and so T is F-invariant.
On the other hand, sinceV is bounded in A, by Proposition 4.4 T is bounded in TˆA as well. This implies that for every s ‰ 0, T zΓ´s`T˘is nonempty and, clearly T zΓ´s`T˘Ă ΩpFq; and Lemma 5.1 is proven under the additional hypothesis that Ωp f q has nonempty interior.
So, from now on let us suppose the non-wandering set Ωp f q has empty interior. Let z 0 be any point of Ωp f q andẑ 0 an arbitrary point inπ´1pz 0 q Ă A. Now let us define the setV as the the wandering completion of the open unit ball B 1 pẑ 0 q Ă A, i.e.V is given by (67)V :" B 1 pẑ 0 q Y ď !π´1 pWq : W P π 0`T 2 zΩp f q˘,π´1pWq X B 1 pẑ 0 q ‰ H ) .
Since f exhibits small wandering domains, notice thatV is open, bounded and connected. Then, we define here again T :" U F´V 1 2 ,0¯. So, T is open and bounded in TˆA in this case as well, and this implies T zΓ´s`T˘‰ H, for every s P Rzt0u. On the other hand, since z 0 P Ωp f q, we can apply Theorem 4.5 to conclude p0,ẑ 0 q P ΩpFq X T , and hence, by the very same argument we used in the previous case, we get that T is F-invariant.
So, it just remain to prove that the set T zΓ´s`T˘intersects ΩpFq, for every s ‰ 0. To do that, let us just consider the case where s ą 0; the other one is completely analogous. Now, observe that combining Proposition 2.7, Proposition 4.1 and (67) we know that each connected component of the open set T X W pFq is a 1{2-block, each of them is a wandering set for F and their Γ-orbits are two-by-two disjoint. More as k Ñ`8, where the last limit follows from the small wandering domain hypothesis which implies diam W n k Ñ 0, as n k Ñ`8.
Since w k P D n k Ă D, for every k P N, estimate (73) clearly contradicts the fact that D was bounded in TˆA.
